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Abstract

We study shadows cast by a certain class of rotating wormholes and point out the crucial role of
a rotating wormhole throat in the formation of a shadow, a crucial point overlooking of which has
resulted erroneous results in the earlier studies on shadows of the same class of rotating wormholes.
We explore the dependence of the shadows on the spin of the wormholes. We compare our results
with that of the Kerr black hole. With increasing values of the spin, the shapes of the wormhole
shadows start deviating considerably from that of the black hole. Such considerable deviation, if
detected in future observations, may possibly indicate the presence of a wormhole. In other words,
the results obtained here indicate that, through the observations of their shadows, the wormholes

which are considered in this work and have reasonable spin, can be distinguished from a black hole.
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I. INTRODUCTION

It is commonly believed that the suppermassive compact region at our galactic center
as well as those at the centers of many other galaxies contain suppermassive black holes.
However, direct evidence for the presence of a black hole requires actual detection of the
event horizon. A number of tests have been proposed to confirm the presence of event
horizons in these black hole candidates [1-3]. The evidence is strong but, of necessity [4],
not conclusive. Typically, a black hole event horizon together with a set of unstable light
rings (or a photon sphere in the case of a spherically symmetric, static black hole) present
in the exterior geometry of a black hole, is expected to create a characteristic shadow-like
image (a dark region over a brighter background) of the radiation emitted by an accretion
flow around the black hole or of the photons emitted by nearby light sources. With the
purpose of detecting this shadow at mm wavelengths in the image of the suppermassive
compact object Sagittarius A* (Sgr A*) present at our galactic center, as well as in the
image of that present at the nucleus of the nearby galaxy M87, the event horizon telescope
(EHT) [5-7], an Earth-spanning millimeter-wave interferometer, is being constructed and

has begun collecting data.

While the intensity map of an image depends on the details of the accretion process and
the emission mechanisms, the boundary of the shadow is only determined by the spacetime
metric itself, since it corresponds to the apparent shape of the photon capture orbits as seen
by a distant observer. Shadows cast by different black holes have been studied by several
researchers in the past, both theoretically and numerically. The shadow of the Schwarzschild
black hole was studied by Synge [§] and Luminet [9]. Bardeen studied the shadow cast by
the Kerr black hole |10] (see |11] also). Consequently, the shadow of a Kerr black hole and
its different aspects (e.g. measurement of the spin parameter) have been studied by several
authors [12-19]. The shadows cast by other black holes such as Reissner-Nordstrom black
hole [20, 21], binary black hole |22, 23], Kerr-Newman black hole [24-26], Kerr black hole
with scalar hair [27], Kerr-Sen black hole [28, 129], regular black holes [30-35], Einstein-
Maxwell-dilaton-axion black hole [36], Kerr-Taub-NUT black hole [37], Kerr-Newman-NUT
black holes [38], braneworld black hole [39], Kaluza-Klein dilaton black hole [40], Einstein-
dilaton-Gauss-Bonnet black hole |41], non-Kerr black hole [42,43] and five-dimensional black

hole [44, |45] have been studied in the past. See [46] for a recent brief review on shadow.
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The presence of a shadow, however, does not by itself prove that a compact object is
necessarily a black hole. Other horizonless compact objects such as a hard surface [48], naked
singularities [49-51] and non-rotating wormholes [52-55] can also cast similar shadows. In
this work, we study shadows of rotating wormholes of Teo class [56]. Although, shadows cast
by this class of wormholes have been studied earlier [57, [58], the results obtained in these
works are erroneous since they overlooked the crucial role of a throat of a rotating wormhole
in the shadow formation. In this work, we revisit the problem and obtain the correct shapes
of the shadows cast by the rotating Teo wormholes. Other than shadows, several other
observational aspects of wormholes such as electromagnetic signatures of accretion disks
around wormholes [59-61] and gravitational lensing |62-72] have been studied in the past.
It is also worth mentioning that, although wormholes in general relativity necessarily violate
different energy conditions, it is not so in the case of modified gravity wormholes (see [73-86]
and references therein for some recent examples).

The plan of the paper is as follows. In the next section, we briefly recall the rotating
Teo wormhole spacetime. In Sec. we study null geodesics in the spacetime of a rotating
Teo wormhole. We obtain the apparent shapes of shadows cast by the rotating wormholes

in Sec. [Vl We conclude in Sec. [V] with a summary of the key results.

II. THE ROTATING WORMHOLE SPACETIME

We start with the stationary, axisymmetric spacetime metric describing a rotating

traversable wormhole of Teo class. The metric is given by [56]

2
ds? = —N2df2 + JL

— + P K? [d6? + sin® 0(dyp — wdt)?] (2.1)
where —oco <t < 00, and 79 < r <00, 0 <0 <7and0 < ¢ <27 are spherical coordinates.
The functions NV, b, K, and w depend on r and # only such that it is regular on the symmetry
axis # = 0,7 [56]. The spacetime describes two identical, asymptotically flat regions joined
together at the throat r = rg = b > 0. The above metric is a rotating generalization of the
static Morris-Thorne wormhole [87].

To ensure that there are no curvature singularities or event horizons, the analog redshift

function N must be nonzero and finite everywhere (from the throat to the spatial infinity).

Also, to avoid any curvature singularity at the throat and to satisfy the flare-out condition



at the throat, the shape function b must satisfy 0pb|,—,, = 0, 0,b|,=r, < 1 and b < r [56].
The metric function K determines the area radius given by R = rK and w measures the
angular velocity of the wormhole.

The metric functions N, K, b and w can be chosen freely provided the above-mentioned
regularity conditions are satisfied, thereby obtaining a particular case of the rotating Teo
wormhole. A particular choice of the metric functions frequently used in the literature, is

given by [57, 58, 60, 61]

(2.2)

where J is the angular momentum of the wormhole and «, § and v are real constants. In
the case when v = 0, we can write ro = 2M, M being the mass of the wormhole.

The rotating wormhole 2.J] may contain an ergoregion around its throat. An ergoregion
is a region where g, = —(N? — w?r2K?sin?#) < 0. The boundary of the ergoregion, i.e., the

ergosurface is given by gy = 0. For the metric 2.1, the ergosurface is given by
N? — w*r?K?sin? 6 = 0. (2.3)

Figure [1l shows the ergoregion of a rotating wormhole for the choice of metric functions
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FIG. 1. The ergoregion of a rotating wormhole (in units of M) for the metric functions (Z2]) with
a=0,v=0and § = 0. The region between the solid curve (wormhole throat) and the dashed

curve (ergosurface) is the ergoregion. The arrow indicates the spin axis of the wormhole.

[22) with @ =0, v = 0 and § = 0. Note that the ergoregion does not extend upto the poles
6 =0 and 0 = 7/2. It exists between angles 6, and (7 — 6.) (i.e., it touches the throat at

these angles), where 0 < 6, < 7/2 and

(2.4)

Ny ’
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In the above, the subscript ‘0’ implies that the metric functions are evaluated at the throat.
Also, note that the ergoregion exists when the spin a (= J/M?) crosses a certain critical
No

value a. given by sinf. =1, i.e., by w. = ol - For the metric functions used in Fig. [Il the

critical spin is given by a. = J./M? ~ 0.74.

III. NULL GEODESICS IN A ROTATING WORMHOLE SPACETIME

The Lagrangian describing the motion of a photon in the spacetime of the rotating worm-
hole (27) is given by
22
. T . ) ) .
2U = NPy 4K [92 +sin?0(p — wi)?] | (3.1)
where an overdot represents a differentiation with respect to the affine parameter A. Since
the Lagrangian is independent of ¢ and ¢, we have two constants of motion, namely, the

energy E and the angular momentum L (about the axis of symmetry) of the photon:

oL

pe= 5 = —N?% — wr?K?sin®0(p — wi) = —EF (3.2)
oL .
py = — =1 K*sin®§(¢p — wt) = L. (3.3)
99
Solving last two equations, we obtain
. E—-wL . L w(E —wlL)
= — p— . -4
t Nz 7 7’2K2sir129jL N2 (3-4)
The r- and 6-component of the momentum are, respectively, given by
y — —— = y = — = K 9 35
Pr=r — 12 b bo 00 " (3:5)

The r- and #-part of the geodesic equations can be obtained by solving the Hamilton-Jacobi

equation

05 _ 1,05 05

ox 27 owmor

where S is the Jacobi action. If there is a separable solution, then in terms of the already

(3.6)

known constants of the motion, it must take the form
1
S = §M2A—Et+Lgo+S,(r)+S@(9), (3.7)

where p is the mass of the test particle. For photons, 4 = 0. If the metric functions N, b,

K, and w of the rotating wormhole (2] are functions of the radial coordinates r only, then
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the Hamilton-Jacobi equation is separable. Inserting Eq. (3.7) into Eq. (8:6) and separating
out the r- and #-part, we obtain [57]

dsy\’ , o8 0
— =K -L 3.8
(d@) sin?6’ (3:8)
1_9 N2 d_ST 2_(E'_ L)2_ 2N2—(IC—|—L2) N2 (39)
r dr N w a r2K?’ ’

where I is the Carter constant. Note that the separation constant K is different from that
chosen in [57]. K is related to the separation constant @ taken in [57] through @ = K + L.
Redefinition of the constant will not affect the shadow structures. We have chosen the

constant in such a way that IC = 0 for geodesics which completely lie in the equatorial plane

0 = m/2. Since p, = %2 = L= and py = B = Do using Egs. (33), (38), and 39), we

obtain

N dr do
7—::l:\/ 2K2—::|: Te 1
where
2 2 N2 2 N?
R(r)=(F —wL)"—pu*N*— (K+ L )T2K2’ (3.11)
2
4 gocostO
TO)=K-1L S0 (3.12)

Although, there are three constants of motions E, L and K, the geodesic motion of a photon
is characterised by two independent parameters defined by

L K

L _ N 1

£ =

¢ and n are known as impact parameters. By introducing a new affine parameter )= E),

we can redefine the functions R(r) and 7'(0) as

2 2 N £
=(1— — TO)=n— —— 14
RO) = (1= w6 — 1+ &), TO) =0 o7, (3.14)
where we have taken o = 0 for a photon.
For latter use, we write down the radial equation of motion in the following form:
@2+v —0, Viy=-—f(1-0 R(r) (3.15)
I eff =VYs ff T TN2 , ) .

where Vs is the effective potential describing the geodesic motion of a photon.
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IV. SHADOWS OF ROTATING WORMHOLES

A wormbhole connects two regions of spacetime. To obtain the shadow cast by a worm-
hole, we assume that the wormhole is illuminated by a light source situated in one of the
regions, and no light sources are present in the vicinity of the throat in the other region [57].
Depending on the impact parameters, some of the photons from the light source plunge into
the wormhole, pass through the throat and go to the other region, and some get scattered
away to the infinity of the first region. A distant observer situated in the first region only
receives the scattered photons. Therefore, in the observer’s sky, the scattered photons form
bright spots, whereas the photons captured by the wormhole form dark spots. The union of
the dark spots in the observer’s sky constitute the shadow.

Therefore, the task is to find out the critical orbits that separate the escaping and plunging
photons. These critical orbits are characterised by certain critical values of the impact
parameters £ and 7. A small perturbation in these critical values can turn it either to an
escape or to a capture orbit. Therefore, the critical impact parameters define the boundary
of a shadow. The critical orbits are unstable circular photon orbits corresponding to the
highest maximum of the effective potential V.s¢. The unstable circular photon orbits are
determined by the standard conditions

dVesr
dr

2
Vers . (4.1)

Verr =0, <
ff dr?

0,

Note that, while writing the above set conditions in terms of R(r), one must be careful about
the throat where (1 — 2) = 0 (see Eq. BI5). For the unstable circular orbits whose radii
do not coincide with the throat radius 7o (i.e. for the unstable circular orbits lying outside
the throat such that (1 — 2) 5 0 on the circular orbits), in terms of R(r), the above set of

conditions can be written as

dR d’R
— = — > 0. 4.2

R(r) = 0, L

Using R = 0 and dR/dr = 0, we obtain [57]

T2K2
0= |Fea-eer-g| (4.3)
T=Tph
by 1d N?
— == S 4.4
¢ Yw — W lr=ry, 2dr <7°2K2)’ (44)




where 7, is the radius of a circular photon orbit. The authors in [57] used the above set of
equations for & and 7 to obtain the shadows. But, they overlooked the fact that the effective
potential can exhibit extremum at the wormhole throat, thereby implying circular photon
orbits (either stable or unstable) at the throat. For example, for a non-rotating wormhole,
the wormhole throat acts as the position of the maximum of the potential when there are no
extrema outside the throat, thereby the throat being the position of unstable circular orbits
and hence deciding the boundary of a shadow [52,53]. In our case, since (1 — 2) vanishes at
the throat r = 1, it can be seen from (B.I0) that the effective potential have a maximum,
i.e., Eq. (A1) is satisfied at the throat when

L (4.5)

d’f’2 r=ro

R(’l“()) = O,

which is different from (4.2). For circular photon orbits at the throat, we have R(ry) = 0,

ie.,
2

N,
(1 - W0£)2 - (77 + 52)7”8}%8 =0, (46)

where the subscript ‘0’ implies that the functions are evaluated at the throat.

For a given metric functions and metric parameter values, the parametric plot of (4.3
and (4.4) with respect to the parameter r,, plus the plot of (46]) define the boundary of
a shadow in the impact parameter space. However, in realistic observation, the apparent
shape of a shadow is measured in the observer’s sky, a plane passing through the center
of the wormhole and normal to the line of sight joining the observer and the center of the
wormhole. The coordinates on this plane are denoted by « and 5 and are known as celestial
coordinates.

In terms of the tangent to a photon geodesic at the observer’s position, the celestial

coordinates are given as [8§]

d db
o = lim (—r2 sin@obs—w) . B = lim r*— (4.7)

r—00 dr rooo dr’

where 0, is the inclination angle, i.e., the angle between the rotation axis of the wormhole
and the line of sight of the observer. Using the geodesic equations, we obtain

1/2
a=-—t ﬁz(n—@%) . (4.8)

sin 0,5 sin? 6,

In the (a, §)-plane, Eqs. (43)), (44) and (£.8)) define the part of the boundary of the shadow

formed by the unstable circular photon orbits which lie outside the throat. However, for



the part of the boundary of the shadow which is due to the unstable circular orbits at the
throats, we have, from Eqs. (&0 and (L)),

(NG — wira K sin? 0, ) 0 — 2worg K3 sin Qs — 15 K§ + NGB = 0. (4.9)

The authors in [57] didn’t consider the above-mentioned contribution of the throat in the
shadow formation. Therefore, the results they obtained are incomplete and erroneous. The
correct and complete results are obtained when one consider the last equation as well. To

show it explicitly, we consider the following metric functions:

T _2J

N:exp[——o}, br)=mry=2M, K=1, w=—. (4.10)
r T

In Fig. 2l we have plotted an example of a shadow for the metric parameter values corre-
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FIG. 2. Plots showing how the shape of a shadow looks like when the contribution of the throat
(Eq. E9) (a) is not and (b) is considered. Here, the metric functions are given by (£I0) and
J/M?=0.3. (c) shows the actual shape of the shadow. The vertical dashed line in (a) is drawn by
hand. The impact parameters denoted by the black dots are used in Fig.

sponding to the third figure in the first row of Fig. 1 of [57]. The corresponding shadow
obtained without considering the contribution of the throat, i.e., without considering Eq.
(which is the case in [57]) is shown in Fig. 2(a)] When the contribution of the throat
is taken into consideration, we obtain Fig. The correct shape of the shadow shown in
Fig. is given by the common region enclosed by the curve obtained from Egqs. (4.3),

([@4) and (£8) (the blue curve in Fig. 2(b)) and the curve obtained from Eq. (£9) (the
black curve in Fig. 2(b)). Moreover, from the red part of the plot in Fig. , it seems
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that, while plotting the parametric plot using (£3), (44) and (48], the authors in [57] have
considered 7,, < 19 also, which is not correct since the wormhole spacetime is valid only for
r>Tg.

The reason why the shadow is given by the common region enclosed by the curves men-
tioned above, can be understood as follows. A circular photon orbit (stable or unstable)
with given critical impact parameters lies in a plane which passes through the center of the
wormhole and makes an angle ,, with the rotation axis, where 7°(6,,) = 0. If, in a given
plane, there are no stable and unstable photon orbits outside the throat, then the throat
acts as a position of the unstable photon orbit, i.e., the potential has a maximum at the
throat. The solid black curve in Fig. corresponds to this situation. However, in a
given plane, if there are stable or unstable photon orbits, then the throat acts as a position
of either stable or unstable photon orbits. Figure shows that, in the case where there
is a unstable photon orbit (solid blue curve) outside the throat, the throat acts as the the
position of a stable photon orbit (dashed black curve). To elaborate it further, we choose
different values of o and § (which is equivalent of choosing ¢ and 7) and plot the effective
potential. However, to show the effective potential for both the regions of the wormhole, we

use the proper radial distance given by [87]

l(r)zi/T o : (4.11)

where the plus sign corresponds to one region and the minus sign to the other region. The
throat is at (ry) = 0.

Figure shows the plots of the effective potential for the parameter values denoted by
the black dots shown in Fig. . It is clear that, for the impact parameter values denoted by
the black dot on the solid black, solid blue and black dashed curve of Fig. respectively,
we have an unstable photon orbit at the throat, an unstable photon orbit outside the throat
and a stable photon orbit at the throat, which are in agreement with Fig. . Also, note
that the critical impact parameters corresponding to the stable orbits at the throat can not
decide the boundary of a shadow since photons (with these impact parameters) from the
distant source get turned away from some [ (r) where V. ;s = 0, before they reach the throat
(see the black dashed plot of Fig. . Figures and , respectively, shows the plots
of the effective potential for impact parameter values lying inside and outside of the shadow

boundary of Fig. [2(c)). Note that, since the effective potential does not have any turning
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point (i.e. Visr # 0) for the impact parameter lying inside the shadow boundary, photons
with these impact parameters plunge into the wormhole, pass through the throat and go
to the other side (see Fig. . These photons are not received by the distant observer,
thereby creating dark spots in the observer’s sky. On the other hand, the effective potential
always have a turning point (i.e. V.;r = 0) at some [ (r) for the impact parameter values
lying outside the shadow boundary (see Fig. . Photons with these impact parameter
escape to the distant observer, thereby creating bright spots in the observer’s sky. This

explains why the correct shape of the shadow is given by the common region enclosed by

the blue and black curves of Fig. [2(b))).
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FIG. 3. Plots of the effective potential for (a) impact parameter values denoted by the black dots
of Fig. 2(b)| and for those lying (b) inside and (c) outside of the shadow boundary shown in Fig.
Here, 0,,s = m/2. Corresponding values of £ and 7 can be calculated from Eq. (4.8]).

With the above discussions in mind, we now obtain the apparent shape of the shadow cast
by a rotating wormhole. Figures () and (B]) show the shadow cast by a rotating wormhole
whose metric functions are given by (AI0). For each set of the parameter values, we have
also plotted the shadow cast by a Kerr black hole for comparison. Note that, for small
spin a (= J/M?), the wormhole shadow is qualitatively similar to that of the Kerr black
hole, i.e., they both are almost circular. However, with increasing values of the spin, the
characteristic deformation of the shadow (i.e., deviation from the circular shape) due to the
spin is more and more prominent in the wormhole case than that in the black hole case.
Such considerable deviation of the wormhole shadow from that of the Kerr black hole may

be relevant to discriminate between the wormhole and the black hole in future observations.
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FIG. 4. The shadow of a rotating wormhole (solid curve) whose metric functions are given by
(£I0) and the Kerr black hole (dashed curve) for different spin values. Here, 0,,s = 90°. The axes

are in units of the mass M.

As a second example, we consider a wormhole whose metric functions are given by

2
2
N:exp[—%—:—g], b(r)y=ro=2M, K=1, wzr—i. (4.12)

The shadow for the above choice of the metric functions, along with that of the Kerr black
hole, are shown in Fig. [l for different values of the spin parameter. In this case, the shadow
of the wormhole is larger than that of the black hole for all spin. Also, note that, similar to
the earlier case, in this case too, the wormhole shadow start deviating from the black hole

one as we increase the spin.

V. CONCLUSION

In this work, we have studied shadows cast by rotating wormholes. We have discussed

in details why and how the throat of a rotating wormhole plays crucial role in the shadow
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FIG. 5. The shadow of a rotating wormhole (solid curve) whose metric functions are given by
(£I0) and the Kerr black hole (dashed curve) for different spin values. Here, ,,s = 45°. The axes

are in units of the mass M.

formation. This crucial role of the throat has been overlooked in the earlier studies H, @]
on shadow of the same class of rotating wormholes considered here. Therefore, the results
obtained in the above-mentioned earlier works are incomplete and erroneous. We have
revisited the problem and obtained the correct shapes of the shadows. We have compared
our results with that of the Kerr black hole. For small spin, the wormhole shadow is
qualitatively similar to that of the Kerr black hole, i.e., they both are almost circular.
However, with increasing values of the spin, the shapes of the wormhole shadows start
deviating considerably from that of the black hole. Such considerable deviation, if detected
in future observations, may possibly indicate the presence of a wormhole. In other words, the
results obtained here indicate that, through the observations of their shadows, a wormhole

having reasonable spin, can be distinguished from a black hole.

However, our conclusions are largely based on the types of wormholes we have chosen to

work with. It will be interesting to see whether or to what extent the conclusions drawn
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FIG. 6. The shadow of a rotating wormhole (solid curve) whose metric functions are given by
(£12]) and the Kerr black hole (dashed curve) for different spin values. Here, 0,,s = 90°. The axes

are in units of the mass M.

here carry over to a broader class of rotating wormholes.
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